Abstract-This paper studies formation control of an arbitrary number of spacecraft based on a serial network structure. The leader controls its absolute position and absolute attitude with respect to an inertial frame, and the followers control its relative position and attitude with respect to another spacecraft assigned by the serial network. The unique feature is that both the absolute attitude and the relative attitude control systems are developed directly in terms of the line-of-sight observations between spacecraft, without need for estimating the full absolute and relative attitudes, to improve accuracy and efficiency. Control systems are developed on the nonlinear configuration manifold, guaranteeing exponential stability. Numerical examples are presented to illustrate the desirable properties of the proposed control system.
I. INTRODUCTION
Spacecraft formation flight has been intensively studied as distributing tasks over a group of low-cost spacecraft is more efficient and robust than operating a single large and powerful spacecraft [1] . For cooperative spacecraft missions, precise control of relative configurations among spacecraft is critical for success. For interferometer missions like Darwin, spacecraft in formation should maintain specific relative position and relative attitude configurations precisely. Precise relative position control and estimation have been addressed successfully, for example, by utilizing carrier-phase differential GPS [2] , [3] .
For relative attitude control, there have been various approaches, including leader-follower strategy [4] , [5] , behavior-based controls [6] , [7] and virtual structures [8] , [9] . These approaches have distinct features, but there is a common framework: the absolute attitude of each spacecraft in formation is determined independently and individually by using an on-board sensor, such as inertial measurement units and star trackers, and they are transmitted to other spacecraft to determine relative attitude between them. As the relative attitudes are determined indirectly by comparing absolute attitudes, there is a fundamental limitation in accuracies. More explicitly, measurement and estimation errors of multiple sensors are accumulated in determination of the relative attitudes.
Vision-based sensors have been widely applied for navigation of autonomous vehicles, and recently, they are proposed for determination of relative attitudes. It is shown that the line-of-sight (LOS) measurements between two spacecraft determine the relative attitude between them completely, and based on it, an extended Kalman filter is developed [10] , [11] . Recently, these are also utilized in stabilization of relative attitude between two spacecraft [12] , and tracking control of relative attitude formation between multiple spacecraft [13] , [14] , where control inputs are directly expressed in terms of line-of-sight measurements, without need for constructing the full, absolute attitude or the relative attitudes. However, these prior results are restrictive in the sense that the relative positions among spacecraft, and therefore the lines-of-sight with respect to the inertial frame, are assumed to be fixed during the whole attitude maneuvers. Therefore, they cannot be applied to the cases where both the relative positions and the relative attitudes should be controlled concurrently at the similar time scale.
The objective of this paper is to eliminate such restrictions. In this paper, the translational dynamics and the rotational dynamics of each spacecraft are considered, and a serial network structure is defined. The first spacecraft at the network, namely the leader controls its absolute position and absolute attitude with respect to an inertial frame, and the remaining spacecraft, namely followers control its relative position and relative attitude with respect to another spacecraft ahead in the serial chain of network. The main contribution is that both the absolute attitude controller of the leader, and the relative attitude controller of the followers are defined directly in terms of the line-of-sight measurements, and exponential stability is guaranteed without the restrictive assumption that the relative positions are fixed.
Therefore, the control system proposed in this paper inherits the desirable features of the relative attitude controls based on the lines-of-sight [12] , [13] , [14] , namely low cost and long-term stability, while requiring no corrections in measurements as opposed to gyros, or eliminating needs for computationally expensive star tracking algorithms. But, it can be applied to more realistic cases where the relative positions are controlled simultaneously. Another distinct feature of this paper is that the absolute attitude of the leader is also controlled, whereas the preliminary works are only focused on relative attitude formation control [12] . All of these are constructed on the special orthogonal group to avoid singularities, complexities associated with local parameterizations or ambiguities of quaternions in representing attitudes.
Due to page limit, proofs are relegated to [15] .
II. PROBLEM FORMULATION
Consider n spacecraft, where each spacecraft is modeled as a rigid body. Define an inertial frame, and the body-fixed frame for each spacecraft. The configuration of the i-th spacecraft is defined by (R i , x i ) ∈ SE(3), where the special Euclidean group SE(3) is the semi-direct product of the special orthogonal group SO(3) = {R ∈ R 3×3 | R T R = I, det[R] = 1}, and R 3 . The rotation matrix R i ∈ SO(3) represents the linear transformation of the representation of a vector from the i-th body fixed frame to the inertial frame, and the vector x i ∈ R 3 denotes the location of the mass center of the i-th spacecraft with respect to the inertial frame.
A. Dynamic Model
Let m i ∈ R and J i ∈ R 3×3 be the mass and the inertia matrix of the i-th spacecraft. The equations of motion are given by
where v i , Ω i ∈ R 3 are the translational velocity and the rotational angular velocity of the i-th spacecraft, respectively. The control force acting on the i-th spacecraft is denoted by f i ∈ R 3 , and the i-th control moment is denoted by M i ∈ R 3 . The vectors v i , f i are represented with respect to the inertial frame, and Ω i , M i are represented with respect to the i-th body-fixed frame.
The hat map ∧ : R 3 → so(3) transforms a vector in R 3 to a 3×3 skew-symmetric matrix such thatxy = (x) ∧ y = x×y for any x, y ∈ R 3 . The inverse of the hat map is denoted by the vee map ∨ : so(3) → R 3 . A few properties of the hat map are summarized as follows:
for any x, y ∈ R 3 , A ∈ R 3×3 , and R ∈ SO(3). Suppose that n spacecraft are serially connected by daisychaining. For notational convenience, it is assumed that spacecraft indices are ordered along the serial network. The first spacecraft of the serial chain, namely Spacecraft 1 is selected to be the leader, and its absolute position and its absolute attitude are controlled with respect to the inertial frame. The remaining spacecraft are considered as followers, where each follower controls its relative position and its relative attitude with respect to the spacecraft that is one step ahead in the serial chain. For example, Spacecraft 2 controls its relative configuration with respect to Spacecraft 1.
It can be shown that the controller structure of each of followers are identical. To make the subsequent derivations more concrete and concise, the control systems are defined for the leader, Spacecraft 1, and the first follower, Spacecraft 2, only. Later, it is generalized for control systems of the remaining spacecraft.
Each spacecraft is assumed to measure the line-of-sight toward two assigned objects via vision-based sensors to control its attitude. Line-of-sight measurements for the leader and the followers are described as follows.
B. Line-of-Sight Measurements of Leader
Suppose that there are two distinct objects, namely A, B, such as distant stars, whose locations in the inertial reference frame are available. Let s A , s B ∈ S 2 = {q ∈ R 3 | q = 1} be the unit-vectors representing the directions from Spacecraft 1 to the object A and to the object B, respectively. The vectors s A and s B are expressed with respect to the inertial frame, and we have s A ×s B = 0, as they are distinct objects. The time-derivatives of these unit-vectors are given bẏ
where µ A , µ B ∈ R 3 are angular velocities of s A , s B , respectively, that can be determined explicitly by the relative translational motion of the leader with respect to the objects A, B.
Assume the leader is equipped with a vision-based sensor that can measure the directions toward the objects A and B. These two line-of-sight measurements are expressed with respect to the first body-fixed frame, and they are defined as
Note that s A , s B and b A , b B are related by the rotation matrix, i.e.,
for j ∈ {A, B}. From (10) and (11), we can obtain the kinematic equations for b A , b B aṡ (12) for j ∈ {A, B}.
C. Line-of-Sight Measurements of Follower
Spacecraft 2 controls its relative attitude and its relative position with respect to Spacecraft 1. The relative configurations are defined as follows. The relative attitude of Spacecraft 2 with respect to Spacecraft 1 is represented by a rotation matrix Q 21 ∈ SO(3), given by
From (4), the time-derivative of Q 21 is given bẏ
where the relative angular velocity vector of Spacecraft 2 with respect to Spacecraft 1 is defined as
The relative position of Spacecraft 2 with respect to Spacecraft 1 is given by
To control the relative attitude between the pair of Spacecraft 1 and Spacecraft 2, a third common object, namely Spacecraft 3 is assigned to form a triangular structure. It is assumed that Spacecraft 1 and Spacecraft 2 measure the line-of-sight toward each tother, and also toward Spacecraft 3. Furthermore, Spacecraft 3 does not lie on the line joining Spacecraft 1 and 2.
Let s ij ∈ S 2 be the the unit-vector from the i-th spacecraft toward the j-th spacecraft, i.e., s ij = xj −xi xj −xi , and let b ij ∈ S 2 be the line-of-sight measurement from the i-th spacecraft toward the j-th spacecraft, represented with respect to the i-th body-fixed frame, i.e., s ij = R i b ij . According to the above assumptions, we have s 13 ×s 23 = 0, and there are four measurements {b 12 , b 13 , b 21 , b 23 } for the pair of Spacecraft 1 and 2.
It has been shown that the relative attitude Q 21 can be completely determined from the following constraints [12] : 
where
and it is non-zero.
D. Spacecraft Formation Control Problem
Next, we define formation control problem. For the leader, Spacecraft 1, the desired absolute attitude trajectory R d 1 (t) ∈ SO(3) is given, and it satisfies the following kinematic equationṘ
is the desired angular velocity of Spacecraft 1. We transform this into the desired line-of-sight and its angular velocity as follows. The corresponding desired lineof-sight measurements are given by
Similar with (12) , the kinematic equations for desired lineof-sight measurements can be obtained aṡ
The desired position and the desired velocity of Spacecraft 1 are given by
For the follower, Spacecraft, the desired relative attitude trajectory is defined as Q d 21 (t) ∈ SO(3), and it satisfies the following kinematics equation,
whereΩ d 21 ∈ R 3 is the desired relative angular velocity vector, satisfying
Let the desired relative position and the relative velocity of Spacecraft 2 be
, and they satisfy
Assumption 1: The magnitude of each desired angular velocity is bounded by
The magnitude of angular velocity of each line-of-sight measurement is bounded by
where B µ ∈ R + is a positive constant. The µ here includes {µ A , µ B , µ 12 , µ 21 , µ 123 , µ 213 }. The first assumption is natural in any tracking problem, and the second assumption is satisfied if there is no collision between spacecraft and the velocities of each spacecraft are bounded.
The goal is to design control inputs (u 1 , u 2 , f 1 , f 2 ) such that the zero equilibrium of the position and attitude tracking errors becomes asymptotically stable, and in particular, it is required the the control moments u 1 , u 2 are directly expressed in terms of the line-of-sight measurements.
III. ATTITUDE AND POSITION TRACKING ERROR VARIABLES
As a preliminary work before designing control systems, in this section, we present error variables for each of absolute attitude tracking error, relative attitude tracking error, and position tracking error.
A. Absolute Attitude Error Variables
The fundamental idea of constructing attitude control system in terms of LOS measurements is utilizing the property that the attitude error becomes zero if the LOS are aligned to their desired values, i.e., we have [14] . This motivates the following definition of the configuration error function for each line-of-sight:
for each object j ∈ {A, B}. They are combined into
where k b A = k b B are positive constants. The error function Ψ i refers to the corresponding error of LOS measurements, and Ψ 1 represents the combined errors for Spacecraft 1.
By finding the derivatives of the configuration error functions, we obtain the configuration error vectors as folllows.
Additionally, the angular velocity error vector is defined as
It can be shown that the above error variables satisfy the following properties.
Proposition 1: (i) The error function Ψ 1 and the error vector e b can be rewritten as
is symmetric and I 3×3 is the 3 by 3 identity matrix.
(ii) Ψ 1 is locally quadratic, more expliclty,
, k b B }, and ψ 1 is a positive constant satisfying
where Γ is a positive constant that can be determined by h i [15] .
B. Relative Attitude Error Variables
Similarly, we define error variables for the relative attitude. It is also based on the fact that we have Q 21 = Q [13] . Configuration error functions that represent the errors in satisfaction of (16) and (17) are defined as
For positive constants k
These yield the configuration error vectors as
We have e 
where Ω d 2 can be determined by (27). The properties of relative error variables are summarized as follows:
Proposition 2: (i) The error function Ψ 21 and the error vector e 21 can be rewritten as
(ii) Ψ 21 is locally quadratic, more expliclty,
2 , where Γ 21 is a positive constant that can be determined by n i [15] .
C. Position Tracking Error Variables
The position and velocity error vectors of Spacecraft 1 are given as
Similarly, the relative position and relative velocity error vectors are given by
IV. FORMATION CONTROL SYSTEM
Based on the error variables defined at the previous section, control systems are designed as follows.
A. Formation Control for Two Spacecraft
Proposition 3: Consider the formation of two spacecraft shown in Fig 1. For positive constants, k Ωi , k xi , and k vi , i ∈ {1, 2}, the control inputs are chosen as follows
Then, the zero equilibrium of tracking errors is exponentially stable.
Proof: See [15] .
B. Formation Control for Multiple Spacecraft
The preceding results for two spacecraft are readily generalized for an arbitrary number of spacecraft. Here, we present the controller structure as follows, without stability proof that can be obtained by generalizing the proof of Proposition 3.
Proposition 4: Consider n spacecraft in the formation, the i-th spacecraft is paired serially with the (i−1)-th spacecraft for i =∈ {2, 3, · · · , n}. For positive constants, k Ω1 , k x1 , k vi , k Ωi , k xi , and k vi , for i ∈ {2, 3, · · · , n}, the control inputs are chosen as follows
. (53) Then the zero equilibrium of tracking errors is exponentially stable.
V. NUMERICAL SIMULATION
Two simulation results are presented: (i) formation tracking control for two spacecraft, and (ii) formation stabilization for four spacecraft.
A. Formation Tracking for Two Spacecraft
Suppose n = 2. The mass and the inertia matrix are chosen as m 1 = m 2 = 30 kg and
2 . The desired absolute attitude of the leader, namely R d 1 (t) is specified in terms of 3−2−1 Euler angles (α(t), β(t), γ(t)), where α(t) = 0, β(t) = −0.7 + cos(0.2t), γ(t) = 0.5 + sin(2t).
The desired relative attitude Q d 21 (t) is also defined in terms of another set of Euler angles given by φ(t) = sin(0.5t), θ(t) = 2, ψ(t) = cos(t) + 1.
The initial attitudes for Spacecraft 1 and Spacecraft 2 are chosen as R 1 (0) = R 2 (0) = I 3×3 . The initial angular velocity is chosen to be zero for both spacecraft.
For the translational motion, the desired position vectors are given by 
The corresponding numerical results are illustrated in Fig  2, where the attitude error vectors are defined as
It is shown that tracking errors are nicely converted to zero.
B. Formation Control for Four Spacecraft
Next, we consider formation control for n = 4 spacecraft. The mass and the inertia matrix are same as the previous case. The desired attitudes are chosen as R The initial configuration and the terminal configuration of four spacecraft. A short animation illustrating the controlled maneuver is available at https://www.youtube.com/watch?v=R51Q9AD00tQ. 
